Abstract. Let E/F be a quadratic extension of number fields and let π be an SL n (A F )-distinguished cuspidal automorphic representation of SL n (A E ). Using an unfolding argument, we prove that an element of the L-packet of π is distinguished if and only if it is ψ-generic for a non-degenerate character ψ of N n (A E ) trivial on N n (E + A F ), where N n is the group of unipotent upper triangular matrices of SL n . We then use this result to analyze the non-vanishing of the period integral on different realizations of a distinguished cuspidal automorphic representation of SL n (A E ) with multiplicity > 1, and show that in general some canonical copies of a distinguished representation inside different L-packets can have vanishing period. We also construct examples of everywhere locally distinguished representations of SL n (A E ) the L-packets of which do not contain any distinguished representation.
Introduction
Distinguished representations are the central objects of study in the relative Langlands program. They are defined and studied both locally over a p-adic field and globally over a number field. Roughly speaking there is a group G, p-adic or adelic, and distinction for an irreducible representation, say π, automorphic in the adelic case, with respect to a subgroup H, amounts to the existence of a non-trivial Hinvariant linear form on the space of π. In the number field case, the interest is not in any invariant linear form but in a specific invariant linear form, called the H-period integral, so distinction with respect to H amounts to the question of whether or not the H-period integral is non-vanishing on the space of automorphic forms in π.
One of the most well understood situations of this phenomenon is the case of a quadratic extension of fields E/F, local or global, with G = GL n (E) or GL n (A E ) and H = GL n (F) or GL n (A F ), where A L denotes the adele ring of a number field L. Much is known in this situation: distinction is closely related to the theory of the Asai Lfunction, there is multiplicity one for the space of invariant forms in the local picture and as a consequence the period integral is factorizable in the global case, a localglobal principle can be formulated which is true under a mild hypothesis, to mention a few important results. If a cuspidal representation is distinguished then each of its local components is distinguished and the local-global question asks whether or not the converse is true; i.e., if each local component of a cuspidal representation π is distinguished then is π distinguished? For GL(n) for E/F, this is true if π has a discrete series component at least at one place.
One specific simplifying aspect of the case of GL(n) is that there are no non-trivial L-packets. However, in the closely related case of SL(n), which is the group under 1991 Mathematics Subject Classification. 11F70. 1 consideration in this paper, this is not the case as was shown by Labesse and Langlands in their seminal work on L-indistinguishability [LL79] . Thus, the representation theory of SL(n) is more complicated but there is a way to understand it via the representation theory of GL(n). The complications on the one side together with the fact that there is an approach via a well understood picture make it an interesting test case to investigate the various aspects of the general theory of distinguished representations. The initial papers here were for SL(2) [AP03, AP06] and they brought to light several new features: local multiplicity one can fail even for supercuspidal representations, the period integral is not factorizable in general, the local-global principle can fail even at the level of L-packets, that is to say there are cuspidal representations π of SL 2 (A E ) which are locally distinguished everywhere but not only that π is not distinguished in fact no member of its L-packet is distinguished. The local-global question in this context was investigated further in [AP13] which further clarified parts of [AP06] and in particular [AP13] proved several positive results about the local-global question.
In probing distinction inside an L-packet, the key finding of [AP03, AP06] was that distinction inside an L-packet that contains at least one distinguished representation can be characterized in terms of Whittaker models; i.e., distinguished representations in such "distinguished" L-packets are precisely the ones which admit a Whittaker model with respect to a non-trivial character of E/F or A E /(E + A F ) as the case may be. We may also remark here that a crucial role in the global papers on SL(2) [AP06, AP13] is played by "multiplicity one for SL(2)", i.e., a cuspidal representation of SL 2 (A L ) appears exactly once in the space of cusp forms on SL 2 (A L ) [Ram00] .
With more progress in the GL(n) theory it was natural to expect more progress in the SL(n) theory. Thus, with a finer understanding of distinction for GL(n), came the recent work of the first named author with Dipendra Prasad on (SL n (E), SL n (F)) over p-adic fields [AP18] which generalized [AP03] from n = 2 to any n. However, the global SL(n) case, already quite involved for n = 2 as can be seen from [AP06, AP13] , is considerably more difficult for several reasons one of which is that "multiplicity one" is not true for SL(n) for n ≥ 3 as was first shown in the famous work of D. Blasius [Bla94, Lap99] .
In this paper, we prove the most basic result about characterizing distinction inside a distinguished L-packet in terms of Whittaker models, thus generalizing [AP06, Theorem 4.2] from n = 2 to any n. This is the global analogue for cuspidal representations of the corresponding p-adic result for generic L-packets in [AP18] .
We may mention here in passing that somewhat surprisingly even the finite field analogue of this characterization of distinction in a generic L-packet turned out to be non-trivial and is settled only fairly recently [AM18] . However, if π is a cuspidal representation, then a uniform proof of this characterization for both p-adic and finite fields can be given in an elementary manner [AP18, Proposition 4.2 & Remark 4]. The key point is to prove the result for n = 2 first and then to deduce the general case by an inductive argument which is facilitated by Clifford theory as in [DP19, Proposition 1] . This is the strategy that we follow in this paper as well to get the desired characterization. Thus we create an inductive set up, this time by an unfolding method, and make use of the base case for n = 2 which is known by [AP06, Theorem 4.2]. It should be mentioned here that the method that we follow to create this inductive set up is very parallel to that employed in [DP19, Section 5], as was brought to our attention by Dipendra Prasad (see also Remark 3).
As mentioned earlier a cuspidal representation may appear in the space of cusp forms with multiplicity more than 1 for SL(n) for n ≥ 3 [Bla94, Lap99] . This phenomenon leads to certain natural questions regarding the non-vanishing of the period integral on different realizations of a given cuspidal representation in the space of cusp forms. We show that there are cuspidal representations π of SL n (A E ) of multiplicity more than 1 which are SL n (A F )-distinguished with realizations in the space of cusp forms on SL n (A E ) with vanishing SL n (A F )-period integral. In fact we do this very generally whenever n is odd and the cuspidal multiplicity m(π) of π is ≥ 2 (cf.
§5.4). One key ingredient in achieving this is the fact that (SL n (K), SL n (k)) for odd n is a Gelfand pair for a quadratic extension K/k of local fields [Ana05, AP18] . We then consider the canonical realizations inside the L-packets obtained from restricting the cusp forms on GL n (A E ). We exhibit two types of examples of cuspidal representations of SL n (A E ) of multiplicity more than 1 which are SL n (A F )-distinguished (cf. §5.4, §5.5). In one set of examples, F is any number field and E/F is chosen so that the period integral vanishes on some of the m(π) many canonical realizations but not on all the canonical realizations. In the second set of examples, F is any number field and E/F is chosen so that the period integral does not vanish in any of the m(π) many canonical realizations inside the L-packets. The key ingredient in all these constructions is the explicit nature of the examples of cuspidal representations of high multiplicity in [Bla94, Lap98, Lap99] . In these examples, we also need to make a crucial use of the main result of this paper (cf. Theorem 3.1). These examples partially answer certain questions (cf. §5.1) posed to us by Raphaël Beuzart-Plessis and Dipendra Prasad.
The methods we employ in order to produce examples of cuspidal distinguished representations of high multiplicity with different canonical realizations admitting or not admitting a non-vanishing period integral can be tweaked to also show that the local-global principle fails at the level of L-packets for SL(n) (cf. §5.6). As has already been mentioned such a phenomenon was observed for SL(2) as well by an explicit construction in [AP06, Theorem 8.2]. The construction in [AP06] is somewhat involved whereas our analogous examples in §5.6 are conceptually simpler however the methods here are tailor-made for n ≥ 3 and will not give new and easy examples for SL(2).
All our constructions of specific examples, of cuspidal representations of SL n (A E ) of high multiplicity which are SL n (A F )-distinguished, that highlight a variety of different phenomena, owe a lot to the specific examples of Blasius of high cuspidal multiplicity making use of the representation theory of the Heisenberg group H and in particular the fact that different Heisenberg representations are such that their value at any element of the group are conjugate in PGL n (C) but they are projectively inequivalent [Bla94, Section 1.1]. To give a rough idea, in fact Blasius does this more generally, in [Bla94] , high multiplicity examples on SL n (A E ) are produced by basically transferring this representation theoretic information about Heisenberg groups to Galois groups of L/E for suitable number fields, via Shafarevich's theorem, and then to the automorphic side via the strong Artin conjecture which is a theorem in the situation at hand, as Gal(L/E) ≃ H is nilpotent, due to Arthur-Clozel [AC89, Theorem 7.1]. For our examples, we start with an involution on H and consider the corresponding semi-direct product H ⋊ Z/2, which cuts out extensions L ⊃ E ⊃ F, and essentially we play with these involutions at our disposal to construct a variety of examples answering several natural question about distinction for the pair (SL n (A E ), SL n (A F )).
2. Distinguished L-packets of SL n Let E/F be a quadratic extension of number fields and let A F and A E denote the corresponding rings of adeles. Let π be a (smooth) cuspidal automorphic representation of SL n (A E ). We say that π is SL n (A F )-distinguished if there is a realization V π of π in the space A ∞ 0 (SL n (E)\SL n (A E )) of smooth cusp forms on SL n (A E ) (cf. [Cog04, p. 26]) and a cusp form φ in V π such that the absolutely convergent period integral
. It is known that there is a cuspidal automorphic representation π of GL n (A E ) such that π is isomorphic to a summand of res( π), where res is the restrictions of cusp forms (i.e., of functions) on GL n (A E ) to SL n (A E ) (cf. [HS12, Chapter 4]). We denote by L( π) the set of irreducible summands of res( π), and call it the L-packet defined by π: we emphasize on the fact that the elements of L( π) are submodules of A ∞ 0 (SL n (E)\SL n (A E )), and not their isomorphism classes. A cuspidal automorphic representation appears with multiplicity one in L( π) and moreover for π 1 and π 2 two cuspidal automorphic representations of GL n (A E ), the equality L( π 1 ) = L( π 2 ) holds if and only if π 1 and π 2 are twists of each other by a Hecke character (see [Bla94, Lap99] ).
The aim of section is to characterize cuspidal L-packets of SL n (A E ) containing distinguished representations, whereas in the next section we will characterize distinguished cuspidal representations inside such an L-packet.
The characterization of distinguished L-packets is already there in [AP06], we recall it now.
Lemma 2.1. Let π be a cuspidal automorphic representation of GL n (A E ) which is is distinguished by (GL n (A F ), η) for a Hecke character η of A × F , then L( π) contains a representation of SL n (A E ) on which P SL n (A F ) does not vanish. Conversely, assume that F and n are such that the Grunwald-Wang theorem is applicable and suppose that π is a cuspidal automorphic representation of
Proof. The first assertion is a straightforward generalization of [AP06, Proposition 3.2], whereas the second assertion is again an immediate generalization of [AP06, Proposition 3.4] and its proof.
Remark 1. Note that the Grunwald-Wang theorem holds in particular for any F when n is odd and this will be the situation in the later sections of this paper where we will need to apply Lemma 2.1 .
Definition 1.
We call a cuspidal L-packet containing a representation on which P SL n (A F ) does not vanish a distinguished L-packet of SL n (A E ).
Under the conditions of the Grunwald-Wang theorem one can translate the definition of distinguished L-packets into an even more convenient one which does not refer to distinction anymore. By the work of Jacquet and Shalika ([JS81]) on one hand, and that of Flicker (and Flicker-Zinoviev) on the other hand ( [Fli88] , [FZ95] ), the following result is known.
Theorem 2.2. Denote by ω E/F the quadratic character attached to E/F by global class field theory, and let π be a cuspidal automorphic representation of GL n (A E ). Then π is conjugate self-dual, i.e., π ∨ ≃ π σ if and only if π is either distinguished or ω E/F -distinguished (and in fact not both together).
Proof. Let π 1 , π 2 and π 3 be cuspidal automorphic representations of GL n (A E ). By the aforementioned references, the partial Rankin-Selberg L S (s, π 1 , π 2 ) has a pole at s = 1, which is necessary simple, if and only if π 2 ≃ π ∨ 1 , whereas the partial Asai L-function L S As (s, π 3 ) has a pole (necessarily simple) at s = 1 if and only if π 3 is GL n (A F )-distinguished. The result now follows from the equality
for µ a Hecke character of A × E which factors through the norm N E/F . Indeed if π is η-distinguished for some Hecke character η of A 3.1 and the answer is in terms of Whittaker models. Then we look at the analogous problem where global distinction is replaced by local distinction at every place and in this case we show that if an L-packet contains an everywhere locally distinguished representation, then for every non-degenerate character ψ of N n (A E ) which is trivial on N n (E + A F ), the ψ-generic representation in the L-packet has that property (cf. Proposition 3.6).
3.1. Non-vanishing of the period inside distinguished L-packets. Here we characterize members of distinguished L-packets of SL n (A E ) with non-vanishing SL n (A F )-period. This is done in terms of Whittaker periods.
If ψ is a non-degenerate character of
Moreover it is a well-known consequence of local multiplicity one for Whittaker models of GL n that for fixed ψ there is only one element of L( π) on which P N n (A E ),ψ does not vanish. Indeed, the representation π of GL n (A E ) is generic with respect to any non-degenerate character of N(A E )/N(E) and observe that multiplicity one for local Whittaker models of GL n implies multiplicity one inside an L-packet [Lap99, Remark 2.1 (3)].
We denote by P n the mirabolic subgroup of GL n (matrices with last row (0, . . . , 0, 1)), by U n its unipotent radical, and by P 1 n its intersection with SL n , and thus P 1 n = SL n−1 .U n . We set N n to be the unipotent radical of the Borel subgroup of upper triangular matrices in GL n . We denote by Q n the proper parabolic subgroup of SL n containing P 1 n . We now characterize distinction inside distinguished L-packets of SL n (A E ), thus generalizing [AP06, Theorem 4.2].
Before we move on to the proof of Theorem 3.1, let us state a simple but very useful consequence of it.
Proof. Call π ′ the isomorphic copy of π in L( π ′ ). Thanks to Theorem 3.1, π is ψ-generic for ψ a distinguished non-degenerate character of N n (A E ) trivial on N n (E + A F ) and therefore π ′ is locally ψ v -generic for every place v of F. By Theorem 3.1 again,
But thanks to multiplicity one of local Whittaker models, two locally ψ-generic cuspidal representations in the same L-packet are equal, hence π ′ = π ′′ , and we deduce that P SL n (A F ) does not vanish on π ′ .
The rest of this section is devoted to the proof of Theorem 3.1, we first prove one direction. The following lemma is a generalization of [AP06, Lemma 4.3], but the proof in [AP06, Lemma 4.3] does not generalize to this case. For n ≥ 3, we set R n = {diag(x, I n−2 , x −1 ), x ∈ G m }, so Q n is the semi-direct product P 1 n .R n . Lemma 3.3. Take n ≥ 3. Let φ be a cusp form on SL n (A E ) such that
where this integral is absolutely convergent.
Proof. According to [SV17, Section 18.2], there is s ∈ C such that for ℜ(s) large enough,
(p)dp is absolutely convergent. Moreover it has meromorphic continuation, and there is a meromorphic function r(s) with r(0
In particular there is an s ∈ R large enough in the realm of absolute convergence such that
n (A F ) φ(pa)dp = 0 and the result follows.
Remark 2. A result similar to Lemma 3.3 is [DP19, Proposition 8] where it is proved via unfolding an Eisenstein series E(h, s) on SL n (A F ) and using that Res s=1 
For ψ k,n a character of N k,n (A E ) and φ a cusp form on SL n (A E ), we set
. When k = 2 and ψ 2,n is non-degenerate, we write φ ψ 2,n = W φ,ψ 2,n . The reader familiar with it will recognize what is often called the unfolding method in the following proof (see [JS90, Section 6] for a famous and difficult instance of this technique).
Proposition 3.4. Let φ be a cusp form on SL n (A E ) such that
Proof. We do an induction on n, the case n = 2 being part of the proof of [AP06, Theorem 4.2]. Hence we suppose n ≥ 3. By hypothesis we have
which is in turn equal to
by cuspidality of φ. The convergence of the series is absolute (and can be shown to be uniform for x in compact subsets of SL n−1 (A F ) but we will not use it). For fixed
because as n ≥ 3, the group SL n−1 (F) acts transitively on the set of non-trivial characters of U n (A E ) trivial on U n (E + A F ), and the stabilizer of ψ 0 n,n is P 1 n−1 (F). Hence
where the right hand side is absolutely convergent (by Fubini). Now
and this implies that
is a cusp form on SL n−1 (A E ), and we can apply our induction hypothesis to it, to conclude that
, one checks that by definition:
for x ∈ SL n−1 (A E ). The result follows.
Remark 3. As mentioned in §1 our strategy in proving Proposition 3.4 is to have an inductive set up to reduce the proof to the case of n = 2. 
, in the notations of [DP19, Proposition 6].
To end the proof of Theorem 3.1, it now suffices to prove the following implication, which is part of the proof of [AP06, Theorem 4.2], and which we repeat.
Proof. By definition there is π ′ ∈ L( π) such that P SL n (A F ) does not vanish on it. By Proposition 3.4, the representation π ′ is ψ ′ -generic for a non-degenerate character ψ ′ of N n (A E ) trivial on N n (E + A F ). Denoting by T n the diagonal torus of GL n , there is t ∈ T n (F) such that ψ = ψ ′ t where ψ ′ t (n) = ψ ′ (t −1 nt). Now the representation π ′ t given by π ′ t (g) = π ′ (t −1 gt) appears in L( π) and is ψ-generic. We deduce that π = π ′ t , and the result follows since t ∈ GL n (F). The transition between the second and third line of the equality there relies on the following step: take φ a cusp form on GL n (A E ), then
where both the "integrals" are absolutely convergent and ψ is a non-degenerate character of N n (A E ) trivial on N n (A F + E). We use the same notations as in Proposition 3.4, and denote by ψ 0 n,n the restriction of ψ to U n (A E ). Let us write
By induction applied to the cusp form φ U n ,F on GL n−1 (A E ), we have
(γγ ′ ) this time (still by Poisson formula and because P n (F) also acts transitively on the set of non-trivial characters of U n (A E ) trivial on U n (E + A F ), the stabilizer of ψ 0 n,n being P n−1 (F)U n (F)). We get
which is what we wanted. 
v and π v are both ψ v -generic in L( π v ) and hence they are isomorphic. This proves that if ψ is a non-degenerate character of N n (A E ) trivial N n (E + A F ), then the ψ-generic representation of L( π) is locally distinguished. This result will be used in Section 5.6 to exhibit everywhere locally distinguished representations of SL n (A E ) appearing in no distinguished L-packet.
Remark 5. One could ask conversely if an element of L( π) as above which is locally distinguished everywhere is ψ-generic for a non-degenerate character ψ of N n (A E ) trivial N n (E + A F ). We do not know whether or not this is true, however note that an affirmative answer to this question together with Theorem 3.1 would imply that inside a distinguished L-packet, the locally distinguished members are exactly those on which P SL n (A F ) does not vanish. Such a local-global principle is known to be true for SL(2) [AP13, Theorem 1.2]. In proving [AP13, Theorem 1.2], the key input there is a characterization of the fibers of the Asai lift from GL 2 (A E ) to GL 4 (A F ) which is [AP13, Theorem 6.5].
Higher multiplicity for SL n
We now suppose n ≥ 3 and recall consequences of the works of Blasius, Lapid and Hiraga-Saito [Bla94, Lap98, Lap99, HS05, HS12]. This section contains no original result.
Different notions of multiplicity.
Let π be a cuspidal automorphic representation π of SL n (A E ). We set
and call it the multiplicity of π in the cuspidal spectrum of SL n (A E ). There are several other notions of multiplicity for π, both on the automorphic side and on the Galois parameter side of the putative global Langlands correspondence. We shall need to pass from one to another and we explain the process in this paragraph. We follow [Lap98, p. 293] and [Lap99, p. 162]. First we consider the automorphic side. Thus, let π and π ′ be two cuspidal representations of GL n (A E ). We write: (L( π) ) the number of ∼ s equivalence classes in the ∼ ew equivalence class of π, and by M(L( π)) the number of ∼ s equivalence classes in the ∼ w equivalence class of π. It was expected by Labesse and Langlands that if π is a cuspidal automorphic representation of SL n (A E ) contained in L( π), then its multiplicity m(π) inside the cuspidal automorphic spectrum is equal to M(L( π)) so that in particular M(L( π)) is finite [LL79] . This was proved for SL 2 (A E ) in [LL79] and in general for SL n (A E ) by Hiraga and Saito [HS12, Theorem 1.6].
On the other hand the multiplicity M(L( π)), which is conjectured to be finite and bounded by a function of n in [Lap99, Conjecture 1], is certainly at least equal to M(L( π)) by definition, and related to a similar multiplicity on the "Galois parameter side". To this end we introduce equivalence relations ∼ s and ∼ w on the set of representations of a group G. Let φ and φ ′ be two morphisms from G to GL n (C), we write:
in which case we say that φ and φ ′ are strongly equivalent.
, in which case we say that φ and φ ′ are weakly equivalent.
We denote by M(φ) the number of ∼ s equivalence classes in the ∼ w equivalence class of φ. One of the main achievements of [Lap98, Lap99] 
Remark 6. In the proof of this result Lapid invokes the Chebotarev density theorem to argue that for such representations, the relations ∼ s and ∼ w are compatible on the Galois parameter side and the automorphic side, and shows that if π ′ ∼ w π (i.e., almost everywhere a twist of π) for π as in the statement of Theorem 4.1, then π ′ is of Galois type, i.e., there exists a Galois representation φ ′ , necessarily unique, of W E with Satake parameters equal to those of π ′ at almost every place of E. We shall use these facts as well in what follows.
Remark 7. In particular suppose that π and M(φ) are as in the statement of Theorem 4.1, and suppose moreover that the weak equivalence class of π (its ∼ w class) is the same as its ∼ ew class, then for any π ∈ L( π), we have:
Note that the middle equality can in general be a strict inequality, see for example [Bla94, Proposition 2.5].
4.2. Examples of higher cuspidal multiplicity due to Blasius. In this section we recall the first fundamental construction, due to D. Blasius ([Bla94] ), of representations appearing with a multiplicity greater than one in the cuspidal spectrum of SL n (A E ). In view of the more recent results of Lapid and Hiraga-Saito recalled in Section 4.1, we give a slightly more modern treatment of the construction of Blasius, however following its exact same lines. For p a fixed prime number, we denote by H p the Heisenberg subgroup of GL 3 (F p ) of upper triangular unipotent matrices with order p 3 . Blasius considers finite products of Heisenberg groups
where for our purpose we restrict a finite number of odd primes p i possibly equal for i = j. For each index i, we denote by Z i the center of H p i , and by L i the Lagrangian subgroup of H p i given by a = 0. We then set
Now let E be our number field. Since H is a product of p-groups it is solvable, and therefore by the well-known result of Shafarevich in inverse Galois theory, there is a Galois extension L/E such that Gal(L/E) = H. Now take for each i a non-trivial character χ i of Z i and extend χ i to a character χ i of L i by 
. This character can be seen as a Hecke character of the Weil group W L L (which is trivial on W L ). The induced representa-
and when χ varies, the representations I χ are non-isomorphic and describe all the irreducible representations of H, their number being equal to
We then set π χ to be the cuspidal automorphic representation of GL n (A E ) attached to I χ in [AC89] . By Theorem 4.1 we obtain the following result from Section 1.1 of [Bla94] .
Proposition 4.2. In the situation above, let
Proof. According to Theorem 4.1, it is sufficient to check that the conjugacy class of I χ (w) in PGL n (C) is independent of χ for any w ∈ W E but that the I χ 's are inequivalent projective representations. This is done in [Bla94, Section 1.1].
We are however looking for information on m(π) rather than M(L( π χ )). Therefore we follow Blasius again to put us in a situation where M(L( π χ )) = M(L( π χ )) in order to apply Remark 7. To this end we select L as in the proof of [Bla94, Proposition 2.1], such that at all the places in L lying above p for each p dividing |H|, L is unramified.
Then in such a situation, by [Bla94, Proposition 2.1, (2)], we deduce that two representations π χ and π χ ′ , for regular characters χ and χ ′ of Z, are not only weakly equivalent (which we already know from [Bla94, Section 1.1] and Section 4.1), but they are in fact in the same ∼ ew -class, i.e., they are twists of each other at every place of E. Finally, by Remark 6, if π is a cuspidal automorphic representation of GL n (A E ) weakly equivalent to π χ , it is of Galois type with Galois parameter say φ. Because for every w ∈ W E , the conjugacy class of I χ (w) in GL n (C) is equal to that of φ(w), we deduce that I χ and φ have the same kernel, and are thus in fact both irreducible representations of H. This implies that φ is itself of the form I χ ′ for a regular character χ ′ of Z, in particular the ∼ w class of π is equal to its ∼ ew class. In view of Remark 7, the outcome of this discussion is the following result, which also follows from the proof of [Bla94, Proposition 3.3]. Proposition 4.3. Let E be a number field and let L be an extension of E such that Gal(L/E) ≃ H and such that L is unramified at every place of L lying over a prime divisor of the cardinality n = |H|. Let χ be a regular character of Z and let π ∈ A ∞ 0 (SL n (E)\SL n (A E )) be an irreducible summand of π χ . Then m(π) = m(n) and the L-packets containing a copy of π are those of the form L( π χ ′ ) for a regular character χ ′ of Z and they are all different.
Remark 8. Such extensions L of E exist in abundance by Shafarevich's theorem in inverse Galois theory.
Remark 9. In [Bla94] , Blasius had conjectured that two L-packets, say L( π) and L( π ′ ), would be isomorphic if π and π ′ are locally isomorphic at every place up to a character twist [Bla94, Conjecture on p. 239]. This conjecture was later proved by HiragaSaito in 2005 [HS05] . Lacking the truth of the conjecture at that point in time, [Bla94] resorted to a trick using complex conjugation. Note that reading out the precise multiplicity m(π) is an immediate consequence of this result.
Three questions
In this section we attempt to answer a number of natural and important questions. We thank Raphaël Beuzart-Plessis and Dipendra Prasad for posing the first two of these questions to us in the context of this paper. We then consider one more question which in the case of SL(2) was answered by an explicit construction in [AP06, Theorem 8.2].
5.1. Questions. We formulate three natural questions for each of which we provide answers in the later subsections. Question 1. Is there a cuspidal representation π of SL n (A E ) distinguished with respect to SL n (A F ) with one realization π 1 in A ∞ 0 (SL n (E)\SL n (A E )) with non-vanishing period and another realization π 2 in A ∞ 0 (SL n (E)\SL n (A E )) with vanishing period? Remark 10. We shall see in Section 5.2 that the answer to the above question is Yes, in particular implying that there are cuspidal automorphic representations of SL n (A E ) for n ≥ 3 which are locally distinguished, but with a realization in the space of smooth cusp forms on which P SL n (A F ) vanishes.
Question 2. Consider the natural decomposition of
does not vanish on π 1 , then is it true that it does not vanish on π 2 ?
Remark 11. We shall see in Section 5.5 that the answer is No in general. This implies a refinement of Remark 10, which is that for n ≥ 3, there are cuspidal automorphic representations of SL n (A E ) which are locally distinguished, but with at least one canonical realization in the space of smooth cusp forms on which P SL n (A F ) vanishes.
The following question arises immediately after the above remark.
Question 3. For n ≥ 3, are there cuspidal automorphic representations of SL n (A E ) which are locally distinguished at every place of F, but not globally? In fact is it even possible to construct such a representation which belongs to no distinguished L-packet?
We shall see in Section 5.6 that such representations do exist. Note that though Questions 1 and 2 are not meaningful for SL 2 (A E ) according to Ramakrishnan's multiplicity 1 result [Ram00] , the issues addressed by Remarks 10 and 11, as well as Question 3 make sense for n = 2. In this case they are all answered in [AP06] . In fact it is sufficient to answer Question 3 for n = 2, and this is done by [AP06, Theorem 8 .2], the proof of which is quite involved: there are indeed cuspidal automorphic representations of SL 2 (A E ) which are locally distinguished at every place of F but not globally. We shall provide easier examples of this type in Section 5.5 for n ≥ 3. 5.2. Answer to Question 1. To answer Question 1 in the affirmative suppose we have a cuspidal representation π of SL n (A E ) of multiplicity m(π) ≥ 2 which is SL n (A F )-distinguished. Suppose also that we are in a situation where dim Hom SL n (A F ) (π, C) = 1, where the linear forms considered are continuous with respect to the Fréchet topology. That is to say the period integral P SL n (A F ) is, up to multiplication by scalars, the only SL n (A F )-invariant linear form on the space of π. Observe that the above assumption is equivalent to having local multiplicity one for SL n (F v )-invariant forms for each place v of F. Now let U 1 and U 2 be two linearly independent elements of
with P SL n (A F ) non-vanishing on Im(U 1 ). We set
If Λ 2 = 0 then we are done. If not then both Λ 1 and Λ 2 are non-trivial elements of Hom SL n (A F ) (π, C) and therefore there is s ∈ C such that Λ 1 − sΛ 2 = 0. We conclude that P SL n (A F ) vanishes on Im(U) for U = U 1 − sU 2 , which is indeed a realization of π as a submodule of A ∞ 0 (SL n (E)\SL n (A E )). So an SL n (A F )-distinguished cuspidal automorphic representation of SL n (A E ) can have a realization in A ∞ 0 (SL n (E)\SL n (A E )) on which P SL n (A F ) vanishes, thus answering Question 1.
It only remains to construct cuspidal representations of SL n (A E ) satisfying the above two assumptions which we do in the next subsections.
5.3. Local Gelfand pair. First we claim that if we take n to be an odd integer it is automatic that dim Hom SL n (A F ) (π, C) = 1. This is because then we have
at each place v of F. For a place of F that splits in E this is obvious by Schur's lemma whereas for a finite place of F that remains inert this statement is [Ana05, Theorem 1.1] (for a slightly different proof see [AP18, Proposition 3.3 (1)]). The remaining case, that of (SL n (C), SL n (R)), is in fact easier to prove by similar considerations as in [Ana05, AP18] once we have multiplicity one for (GL n (C), GL n (R)) which is known thanks to [AG09, Theorem 8.2.5]; we state the result as a proposition since it is not stated as such in the literature.
Proposition 5.1. Let π be an irreducible admissible smooth Fréchet representation (as in [AG09] ) of SL n (C) and suppose that n is odd. Then dim Hom SL n (R) (π, C) ≤ 1.
Proof. Any such π appears in the restriction of an irreducible admissible smooth Fréchet representation π of GL n (C) which is unique up to a character twist. By [AG09, Theorem 8.2.5], we know that dim Hom GL n (R) ( π, C) = 1, and therefore arguing as in the proof of [AP18, Proposition 3.3 (1)], we see that dim Hom SL n (R) ( π, C) is the number of characters α of R × for which π is α-distinguished. We may also assume that π is GL n (R)-distinguished if π is SL n (R)-distinguished and then since n is odd, for central character reasons, there is no such non-trivial character. Thus,
We remark in passing that the first inequality above is in fact an equality as π restricts irreducibly to SL n (C) but we do not need this.
5.4. Distinguished cuspidal representations of higher multiplicity. Now we need to construct cuspidal representations π of SL n (A E ) which are SL n (A F )-distinguished with m(π) ≥ 2 for odd n (and this will complete answering Question 1). Let us explain our general recipe for this, using the examples of Blasius in §4.2. We take n ≥ 3 odd and write it as n = ∏ i p i . We set H = ∏ i H p i as before and take an involution σ of the group H. Associated to this involution is the semi-direct product
where Z/2 acts on H via σ. Now let F be any number field and let L be an extension of F such that Gal(L/F) ≃ G. In fact we choose L in such a way that L/F is unramified at each place of F lying above any p dividing n. Note that all these can be done by Shafarevich's theorem since G is solvable. Let E be the fixed field of H so that
Take an irreducible representation ρ of H. It identifies with I χ ρ for χ ρ a regular character of Z and we set π(ρ) = π χ ρ (cf. §4.2). In particular, because L/E is unramified at places of E lying above the prime divisors of n, if π belongs to L( π(ρ)), we obtain m(π) = m(n) thanks to Proposition 4.3. In this situation, we have the following very useful result due to the rigidity of the representation theory of Heisenberg groups, which we will apply in order to produce examples answering Question 2: Proposition 5.2. In the situation described above, take an irreducible representation ρ of H and denote by c
However as the L-packets determined by different irreducible representations are different thanks to Proposition 4.3, we easily deduce that L( π(ρ)) is distinguished if and only if ρ is conjugate self-dual, i.e., ρ ∨ ≃ ρ σ . The result now follows from the fact that ρ is determined by its central character.
In view of Corollary 3.2, a consequence of Proposition 5.2 is the following. 
Examples for Question 2.
We first give two examples for which we answer Question 2. In the first one, all the canonical copies of the considered distinguished representation have a non-vanishing period, whereas in the second example only some of the canonical copies of the considered distinguished representation have a nonvanishing period and some others do not have a non-vanishing period.
For the first set of examples, the group H is as in Section 5.4 and the involution that we consider on it, for a, b and c in ∏ i Z/p i , is given by
In this case because the associated involution acts as the inversion on Z, Proposition 5.2 tells us that all L-packets L( π(ρ)) are distinguished when ρ varies in the set of irreducible classes of representations of H, and that if one fixes a representation π in one L-packet on which P SL n (A F ) does not vanish, then it does not vanish on any of the m(n) canonical copies of π.
For the second set of examples, we consider H as above (of odd cardinality n) and H ′ = H × H (which is in fact a special type of H) endowed with the switching involution σ : (x, y) → (y, x).
In this case Proposition 5.2 tells us that the distinguished L-packets of SL n 2 (A E ) of the form L( π(ρ ′ )) are the m(n) ones such that χ ρ ′ is of the form χ ⊗ χ −1 with χ regular, whereas the others are not. Then again by Corollary 5.3 we conclude that if π is a fixed distinguished representation of SL n 2 (A E ) appearing in one of the m(n) 2 many L-packets above, then the period P SL n 2 (A F ) does not vanish on the m(n) canonical copies inside the distinguished m(n) many distinguished L-packets, and does vanish on the m(n) 2 − m(n) remaining ones.
5.6. Examples for Question 3. Now we give a set of examples answering Question 3, using Proposition 3.6. For simplicity we take H = H p for p an odd prime (i.e., n = p). Let σ be an involution of H such that z σ = z for all z ∈ Z. Thus, we may take the trivial involution or the involution of H given by Since z σ = z for all z ∈ Z, Proposition 5.2 implies that no L-packet of the form π(ρ) for ρ an irreducible representation of H is distinguished because, as |Z| is odd, the only character of Z of order ≤ 2 is trivial. It remains to prove that if we fix ρ as above, and set π = π(ρ), then L( π) contains an automorphic representation π such that π v is SL p (F (v 1 , v 2 ) then the above condition implies π v is of the form (τ, τ ∨ ⊗ ν) which is distinguished for the character ν of F × v . Now let v be such that it does not split in E. We set B p (E v ) the upper triangular Borel subgroup of GL p (E v ).
We write as before π = π(ρ) for ρ an irreducible representation of H. We denote by L and L ′ the first and the second Lagrangian subgroups of H given by a = 0 and b = 0 respectively (cf. §4.2). By the proof of [Bla94, Proposition 2.1] the local Galois group of H v is an abelian subgroup of H, hence either trivial, equal to Z, L or L ′ . We recall that ρ = Ind Clearly if H v is trivial or equal to Z, then ρ |H v is a sum of copies of the same character, hence π v is of the form Ps(α, . . . , α) = Ind
where the induction is normalized, hence α |F If σ is the non-trivial involution such that z σ = z for z ∈ Z then note that σ fixes χ whereas it sends µ to its inverse. We set µ k = αβ k for k = 1, . . . , (p − 1)/2, so that (1) takes the form and a completely similar argument proves that π v is distinguished by a character. We apply Proposition 3.6 to conclude that L( π) does not contain any distinguished representation but it contains cuspidal representations which are everywhere locally distinguished.
